SMT: SPLIT/MERGE FIBER TRACTOGRAPHY FOR MR-DTI

by
Wur Bozkaya
B.S. in Civil Engineering, Bayazci University, 2002

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial ful liment of
the requirements for the degree of

Master of Science

Graduate Program in Biomedical Engineering Institute
Bagazci University
2006



SMT: SPLIT/MERGE FIBER TRACTOGRAPHY FOR MR-DTI

APPROVED BY:

Assist. Prof. Burak Acar ... ... ...

(Thesis Supervisor)

Prof. Bulent Sankur ...

Assoc. Prof. Mehmeddzkan ...................

Assist. Prof. Murat Sareclar  ...................

DATE OF APPROVAL: 26.04.2006



ACKNOWLEDGEMENTS

I would like to thank Assist. Prof. Burak Acar, my thesis supervisor foall the
help and support given throughout the project and Dr. R. Bammefrom Stanford
University for providing MR-DTI data. | would also like thank Celal Esli, Ender
Konukaylu, Erdem Yensk, Erhan Durusst, Bars Ozgal, Enver Ygyc for sharing the
desperateness and joy of BUSIM.

This thesis is in part supported by grants from Tubitak KARLYER-DRESS(104E035)
project and EU 6" Framework SIMILAR NoE.



ABSTRACT

SMT: SPLIT/MERGE FIBER TRACTOGRAPHY FOR
MR-DTI

Magnetic Resonance Di usion Tensor Imaging is a recent imagingodality
which has shown promise as a non-invasive tool for estimating tlegientation and
quantity of white matter tracts in vivo. It has been shown thatthe estimated di usion
tensor's principal di usion direction coincides with the ber orientations, given that the
tensor in question is anisotropic. MR-DTI ber tractography aims at following these
principal di usion directions to reconstruct ber paths. The conventional approach is

to use integration techniques, i.e. to follow the principal dusion directions.

The goal of this project is to introduce a new technique for e@station and vi-
sualization of ber tracts. The proposed Split/Merge Tractogaphy (SMT) tries to
overcome the disadvantages of existing techniques. SMT's appch is to generate
short (thus more reliable) ber tracts by conventional techimques (Splitting step) and
then group these short tracks according to an estimated distritbon (Merging step).
SMT allows branching and does not mask the inherent resolutidimitation of the data.

The aforementioned distribution is estimated via the Metroplis-Hastings Method.



OZET

BOL/B IRLEST IRY ONTEM LILE SINIR A GLARININ
BULUNMASI

Manyetik rezonans difazyon tenser gerntdleme yeni gésen ve medahale gerek-
tirmeden beyindeki beyaz maddenin yap s n gestermek cikullan lan bir tekniktir.
TensorWn anizotropik oldwgu durumlarda tensorden hesaplaan ana difdzyon yens
ile sinir glar n n ysnan4an birbirleriyle cakstg gesterilmstir. Manyetik rezonans
difazyon tensor gernantalemenin amac hesaplanan bu ana if4zyon yenlerini takip ed-
erek sinir gglar n n olusturulmas d r. Genelde kullan lanysntem integral alma metod-

lardr.

Bu projenin amac sinir alar n n hesaplanmas ve gemntéenmesi cin yeni bir
teknik ortaya koymaktr. Onerilen Bel/Birlestir Sinir Aglar Takip yentemi mev-
cut olan yentemlerin dezavantajlarn amay ameaclamakadr. Bel/Birlestir Sinir
Aglar Takip yenteminin yaklas m ence k sa sinir g par calar n bilinen yesntemlerle
oluisturmak ve daha sonra bu k sa parcalar hesaplanan dagiha gere grupland rmakt r.
Bu yentem dallanmaya ve datan nc®zandrkgeng ol duwgu gibi kullanmaya izin vermek-

tedir. Altta yatan dag | m Metropolis-Hastings yentemi ile h esaplanmaktad r.
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1. INTRODUCTION

1.1. Background

Di usion Tensor Magnetic Resonance Imaging (DT-MRI), also know as Di u-
sion Tensor Imaging (DTI), has shown promise as a non-invasive tdor estimating
the orientation and quantity of White Matter (WM) tracts in v ivo. The process of
using DTI data to estimate white matter structures is commonly kown as tractog-
raphy. DTI tractography is a unique imaging modality that is a clinically applicable
mean of non-invasively imaging the myelinated axonal structe of the human brain.
The DT-MRI technique has raised hopes in the neuro-science cammity for a bet-
ter understanding of the ber tract anatomy of the human brain Various methods
have been proposed to use DT-MRI data to track nerve bers and dee connectivity

between di erent parts of the brain.

The ability of DTI to quantitatively describe white matter connectivity in the
human brain has a variety of clinical applications. The coriation between white
matter structural asymmetries and schizophrenia is currentibeing investigated in
group studies. Similar group studies are being conducted to gaan understanding of
the progression of white matter tract damage in neuro-degeraive diseases such as
Alzheimer's disease. Changes in the di usion directional depdence, known as di u-
sion anisotropy, have been illustrated to have promise in deteey and characterizing
brain tumors. DTI has been used to characterize reductions in dsion anisotropy in
regions of severe brain trauma that are theorized to result fno tissue swelling. It is
hoped that DTI will provide insights into the progression of tisse damage in cases of
severe injury, and that these insights could provide strategie® limit the spread of

tissue damage [3].

The goal of this project is to introduce a new technique for e@station and vi-
sualization of ber tracts. The proposed Split/Merge Tractogaphy (SMT) tries to

overcome the disadvantages of existing techniques. SMT's appch is to generate



short ber tracts by conventional techniques (Splitting step and then group these
short tracks according to an estimated distribution (Merging sp). The generated
short bers are more reliable since no large error accumulatids allowed. These short
bers help to visualize the local tensor orientation. Advantag SMT is that it al-

lows branching and does not mask the inherent resolution linaition of the data. The

distribution is estimated via the Metropolis-Hastings Method.

1.2. Organization of the Thesis

The rest of the thesis is organized as follows: In Chapter 2, a éfiintroduction
on Magnetic Resonance Di usion Tensor Imaging and its basics isvgn. A literature
survey is presented about the existing techniques and limitains about DTI ber
tractography is given. In Chapter 3, the new approach Splitlerge Fiber Tractography
we proposed in this thesis, is explained. In Chapter 4, the proped technique is tested
and compared with existing techniques. Chapter 6 includes orimation about the
software development environment used in this project. Condions drawn from the
study and suggestions o ered for future research are discussed inapker 7. Detailed
information about the Log-Euclidean framework and Metroplis-Hastings algorithm
used for tensor interpolation and distribution estimation are tyen in Appendix A and

Appendix B, respectively.



2. BACKGROUND

2.1. Magnetic Resonance Di usion Tensor Imaging (MR-DTI)

Magnetic Resonance Di usion Tensor Imaging is a recent imagimgodality which
has shown promise as a non-invasive tool for estimating the oriation and quantity
of white matter tracts in vivo. It consists of estimating a di usion tensorD within
a voxel and then displaying quantities derived from it. It hasbeen shown that phe-
nomenon of an isotropic di usion of water in anisotropic tissuesan be calculated by a
series of nuclear magnetic resonance (NMR) pulsed-gradient, rsfgicho measurements
in di erent directions. A tissue's three orthotropic axes can e determined from these
measurements and those axes coincide with the eigenvectorshef calculated di usion

tensor where the e ective di usivities correspond to the eigeralues of the tensorD

[5].
2.1.1. Diusion

Di usion is a microscopic phenomenon arising from thermal matn in which
molecules migrate randomly. Molecular di usion motion is ao referred to as Brown-
ian motion. Einstein's relation develops a time distance ref@nship for a particle

undergoing Brownian motion in free space [2]
D= "—r2 2.1
6 r ( )

where D is a scalar known as the di usion coe cient, is the period of time during
which a particle undergoes Brownian motion, and is net displacement. The dif-
fusion coe cient D relates time to the displacement square, and is therefore not a
di usion velocity [10]. In the case of a restrictively bounded mvironment, particles un-
dergoing Brownian motion are displaced with greater magnities in directions parallel
to boundaries, and smaller magnitudes in directions across bularies. Thus, direc-

tionally dependent Brownian motion re ects the underlyingstructure of a bounded



environment. Di usion is said to be anisotropic when displacenmt due to Brownian
motion is directionally dependent. In cases of anisotropic dision, Einstein's relation

must be generalized to allow for directional dependence [1],
1 t
D= 5 < P> (2.2)

whereD is a second order tensor, anfl is a displacement vector indicating both the
magnitude and direction of Brownian motion. The tensoD in the generalized form
of Einstein's relation is known as the di usion tensor. The notdon <> represents an
average over many repeated and uncorrelated measurements, B@wnian motion is
not characterized by the average displacement over sometimestead by the average
displacement squared. In general, the diusion tensoD depends on particle mass,
the structure of the medium and temperature [10]. In DTI, the prticle mass of water
molecules and the temperature at which measurements are coocted is assumed to
be constant. This assumption allows for the spatial uctuation 6the di usion tensor
in DTI to be interpreted solely in terms of local anatomical stucture. The process of
di usion may also be viewed at a macroscopic level in terms of aayp of moving parti-
cles. Fick's rst equation describes the e ect of di usion on themotion of nonuniform

distributions of particles, as
3= Drc@) (2.3)

whered is a vector representing the magnitude and direction of padie ux, D is the
coe cient of diusion in the J direction, and C(r) is a scalar valued function that
describes the concentration of particles at a given position Fick's rst equation
states that the ux of particles in a system is proportional to the gradient of the
particle concentration. Therefore, Equation 2.3 predictan equilibrium of zero particle
ux for systems with an even spatial distribution of particles wlere C(r) is constant.
The negative constant of proportionality next to the gradiehof C(r) on the right hand
side of Equation 2.3 is the basis for the understanding of di usioas the tendency of
particles in a system to move from areas of greater concentrati to areas of lesser

concentration [2].



2.1.2. Diusion Tensor

When di usion is anisotropic, a scalar di usion measure is insu cent for de-
scribing the di usion properties. It has been shown that the di wsion in this case can
be described by a second-order diagonally symmetric tensor,ledlthe di usion tensor
D,

2
QZE Dy Dy, Dy, z (2.4)

The di usion tensor de nes a principal frame of directions X, y, and z) for each voxel
by its eigenvectors (Figure 2.1). The di usion displacementno le may be represented
as an ellipsoid with the length of principal axes described byhé tensor eigenvalues
(principal di usivities 1, , and 3)and the directions given by the tensor eigenvectors
(e1, e, andes). The di usion eigenvectors are generally not aligned withhe laboratory
frame. The eigenvector with the highest eigenvalue repressrihe principal di usion
direction (PDD) at the corresponding position. In the princi@l component frame, the
displacements along, y, and z appear uncorrelated and the diagonal elements of the

tensor are equal to tensor the eigenvalues [11].

Figure 2.1. Di usion tensor's eigenvalues are the radii of thellipsoid, while the
eigenvectors determine the orientations of the axes. [3]

a)Linear anisotropic di usion b)Planar anisotropic di usion c)lsotropic di usion

In cases of purely isotropic di usion, the di usion ellipsoid tales on a spherical

shape,as 1= ,= 3. There are two extreme cases of physically realizable anisqiro



di usion in which the ellipsoidal description of Figure 2.1 degnerates. For purely linear
anisotropic diusion, ;=cand , = 3 =0, the diusion ellipsoid degenerates into
a line pointing in the g direction. In the case of purely planar anisotropic di usion,

the di usion ellipsoid becomes plate like shaped, meaning that;,, , >0, 3=0

The degree of anisotropy in the diusion tensor is commonly repsented by

Fractional Anisotropy (FA). FA is de ned as

P s o

r.l
2( 1+ 3+ 3

FA (2.5)

For physically realizable di usion tensors with non-negativesigenvalues, the FA
of a di usion tensor is normalized between zero and one. In antexme case, a FA
value of one denotes a di usion tensor in whichy =cand >, = 3 =0 and diusionis
completely anisotropic in the direction ofe;. The fractional anisotropy metric evaluates
to zero in the opposite extreme of a completely isotropic di usn tensor. In general,
higher values of FA occur for di usion tensors in which local dision has a higher

degree of anisotropy [3].

2.1.3. Calculation of Tensors

The MR signal is usually corrupted by the di usion of water moleales leading to
a small decrease in the measured signal. In di usion imaging, thesect is magni ed
by making use of the strongest possible magnetic eld gradient ajigd in one direction
d. For each slice, at least seven images are collected with di etedi usion weightings
and gradient directions. Each gradient is typically appliedor a duration of several
tenths of a millisecond, during which the average water molele in brain tissue may
migrate 10 or more micrometers in a random direction. The iegularity of the motion
entails a signal loss due to the magnetic spin phase di erencesdanan be used to
quantify the di usion constant. If Sy represents the signal intensity in the absence
of a di usion-sensitizing eld gradient and S the signal intensi in the presence of a

gradientg = (g;9,; )", the equation for the loss in signal intensity due to di usion



a) b)

Figure 2.2. Schematic representation of the random walk of aatecule in (a)
unrestricted, and in (b) restricted di usion. The molecular pah is perturbed by
collisions with other molecules or with medium boundaries shh@s membranes. [11]
. Note the isotropy in the case of unrestricted motion as opposed tbe restricted

motion.

is given by the Stejskal-Tanner formula

In(S) = In(S,) bg"Dg (2.6)

b= 2 2( =3) (2.7)

where is the gyromagnetic ratio of hydrogentH, is the duration of the di usion
sensitizing gradient pulses and is the time between the centarof the two gradient
pulses. The seven images provide seven equations for S in eaclelvaxe. the smallest
sampled part of a 3-D image. The equations are solved in a leastiaged sense for the
6+1 unknowns, which corresponds to the six independent compante of the symmetric

di usion tensor, D, and Sy [9].



2.2. Fiber Tractography in MR-DTI

Neurons are the physical structures in the nervous system that tnamit infor-
mation in the form of nerve impulses from one part of the body tanother. Neurons
are composed of three basic parts: the cell body, the axon, andetldendrites. The
dendrites are attached to the neuron cell body, and receivenpulses from other neu-
rons at synapses. Axons are long cable-like structures that trangnmpulses away
from the dendrites and the cell body. Axons are wrapped by a thilayer of connective
tissue known as the endoneurium. Groups of wrapped axons arendied together into

tracts, or fascicles, by a thin boundary known as the perineunm [3].

Endoneurium

Schwapn Cells

Perineurium

Figure 2.3. lllustration of myelinated ber tract [3]

The portion of the fascicles in the human brain that contain whe fatty myeli-
nated Schwann cells form the white matter of the brain. The mulity of water to
di use across tracts with myelinated boundaries is restrictedcausing water to dif-
fuse anisotropically in greater amounts in directions paral to ber tracts and lesser
amounts of di usion in directions across the boundaries. Thishysical situation of in-
creased water di usion in directions parallel to myelinateddscicles is what is measured

by di usion weighted imaging to construct di usion tensors [3]. The principal eigen-



vector of the estimated di usion tensor, i.e. the principal di usion direction coincides
with the ber orientation. Fiber tractography refers to constructing the ber paths
based on the information in di usion tensors. Figure 2.4 shows areor eld and the

corresponding di usion tensors.

Figure 2.4. Visualization of tensor eld [34].

2.3. Current Fiber Tractography Approaches
2.3.1. Numerical Integration

It is proposed that a white matter ber tract trajectory could be represented as

a 3D space curve, i.e., a vector parameterized by the arc lehgs, of the trajectory

[7].
= 1O (2.8)

where t(s) is the unit tangent vector to r(s) at s. These vectors are depicted in
Figure 2.5. They also claimed that the normalized eigenvecato”;, associated with
the largest eigenvalue of the di usion tensorD, 1, lies parallel to the local ber tract
direction in coherently organized white matter. The key ida in this tracking algorithm

is to equate the tangent vectort(s), and the unit eigenvector,”, calculated at position



10
r(s):
t(s) = "1(r(s)) (2.9)

Combining the Equations 2.8 and 2.9, we obtain:

m:'

22 = () (2.10)

This system of three implicit (vector) di erential equationsis solved for the ber tract

trajectory subject to an initial condition:

r0) = ro (2.11)

which speci es a starting point on the ber tract. We can use di e@ent numerical

methods to solve forr (s), such as Euler's Method and the Runge-Kutta Method.

t(s)

Figure 2.5. Representation of a white matter ber tract as a 3Dspace curve [7]
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2.3.1.1. Euler's Method. In Euler's Method, a point is chosen o (s), r(sp) and the

di usion tensor there D (r(sp)) is calculated. Then the next point on the ber tract is
approximated by using a Taylor series expansion ofs) about r(sp) : r(s1) = r(sg) +
rAso)(s1  Sop) + ::: . Since the slope of (so) at sg, r{sp), is assumed o be parallel to
"1(r(Sp)), for some small number (with 0 < j j < 1), r{so)(s1 So) " 1(r(s0)).

Once is chosen, the following equation can be written:

r(sy) r(so)+ " 1(r(so)) (2.12)

Thus r(s;) can be estimated from values of (sp) and "1(r(sp)). This routine can be

repeated to nd all the points along the path of a singe ber trat r(s) [12].

2.3.1.2. Runge-Kutta Method. Euler's method is easy to explain and to implement

but on the other hand it is accurate only to the # order, and susceptible to large error
accumulation and numerical instabilities. Since the di usiontensor D (x) can include
2"4 and higher derivatives of';(x), it is better to use this information in a more robust
and accurate numerical method to integrate the ber tract pghs. Using Runge-Kutta
integration, a similar equation to Euler's can be employed tgalculater(sp), the next

point on the ber tract path [12] [7].

rn+l rn + hVn+]_ (2.13)
where
1
Vn+1 = é(kl+2k2+2k3+ k4) (214)
V n
= ) (2.15)

jVn Hl(rn)j
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Vn " 1(r n + h:2k1)
ky = - -"1(rn + h=2k 2.16

Vi "1(rn + h=2ky)
IV "1(rn + h=2ky)j

k3 "1(rn + h:2k2) (217)

Vi "1(rn + hkz)
jVn II1(rn + hk3)j

Kq = "1(rn + hks) (2.18)

A trajectory is terminated when it reaches the edge of the datde ned. Unfortunately,

hvn+ p

Figure 2.6. The principle of tractography [7]

the reliability of the tracking is compromised by the noise andegree of partial volume
e ect in the image, meaning that trajectories tend to jump béwveen adjacent structures.
This usually happens when a trajectory undergoes a sharp chani direction [12]. A
maximum allowable rate of change of direction is generallypplied, accepting only
gentle curvature along the trajectory, in an attempt to constain the path to one
structure only. Also when a trajectory reaches a region with lowli usion anisotropy

value such as FA<0.15, it is immediately terminated.

2.3.2. Interface Propagation

Parker et al. applied level set theory using fast marching metlds to generate

a 3D time of arrival maps from which connection paths betweebrain regions can be
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identi ed. This approach allows branching and determines dw reasonable or likely
any path is in representing a "true" pathway of connection. Mps showing the time of
arrival of a propagating front from a starting point, may be déermined for the whole
brain. From this information, paths can be extracted [13]. Tie fast marching method

is governed by the Eikonal equation (2.19):

ir TiF =1 (2.19)

where T is the time of arrival, F is the propagation speed funan.

The evaluation of front using fast marching method as seen in Rige 2.7 allows
a time of arrival, T, from the seed point to any point in the imag volume, to be
determined. The rate F, at which the front propagates from tk starting point is
linked to the PDD eld. Each iteration involves the determination of F(r) where r
is the position of the voxels on the propagating front during tie p" iteration. Two
di erent F de nitions are implemented. The rst one is regarded as a measure of voxel

similarity and is de ned as

1
1 min(("2(r) n(r)i); ("2(r) n(r)j); ("2(r) "2(r)i))

Fi(r) = (2.20)
wherer is the position of a voxel neighboring that has already been passed by the
front. r is chosen to be the neighbor for whichr{r) is most closely aligned with the
direction of the normal to the frontn(r). This assures that front propagation will occur
fastest if both"1(r) and " 1(r) are close to collinear withn(r) and close to collinear each
other, therefore pointing toward each other. Front evoluthn will be fastest along the
white matter tracts where strong coherence betweeh(r) in the neighboring voxels
is observed. The other version of F is based on the idea of embedidmnnectivity

information.

Fa(r) = min (F(r); (7"1(r) n(r)j)) (2.21)

In this de nition, F,(r) term provides a memory of previous iterations of the front
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position. This can be interpreted as embedding connectivitynformation already es-

tablished between the seed point and in the value of F,. After calculating the T map

Grey Matter

/\/*”\\_-I

Figure 2.7. Vectors used in the calculation of the speed funeti [13]

for a seed point, ber paths are obtained by backtracking whitis shown in gure 2.8.
Since each point in T may be connected to the seed point, a tru@atomical connec-
tivity may be estimated by determining a connectivity metricand regarding only those
paths whose metric is above a speci ed threshold, as a true anatizal connectivity
[13]. In this approach, the problem of having regions with i@ anisotropy values due to
the presence of crossing bers can be solved. While the fast marapimethod is able
to continue through such regions and nd the true pathways ofrterest, the possibility
of false positives can not be ignored. This approach can be inoped through new
de nitions of speed function F since the implementations cuently rely on ", values

only.

Another approach, geometric ows, is introduced by Campbelidr the segmenta-
tion of bertracts [14]. These ows are designed to evolve clodesurfaces in 3D so as
to increase the ux of a xed vector eld (the PDD eld) through them at the fastest
possible rate with respect to a Euclidean length or area metricA two dimensional

representation is shown in Figure 2.9. The total inward ux of he vector eld through
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Figure 2.8. Paths from arbitrary point to seed point using graent descent through
T map [13]

the curve is given by contour integral

Z, Z L(t)
Flux(t)=  HV;NikCpkdy, = hV; Ni ds (2.22)
0

0
where N is the unit inward normal of closed curve C parametrigeby p and s is the arc
length parametrization of the curve in the vector eldV = (Vi(X;Y; z); V2(X;Y; 2)), and
L(t) is the Euclidean length of the curve. Parker et al. propeed that the gradient ow
that maximizes the rate of increase of the total inward ux wit respect to the Euclid-
ean arc length is obtained by moving each point of the curve ithe direction of the
inward normal by an amount proportional to the divergence othe vector eld. Rather
than explicitly calculating the divergence of the extendedector eld, the numerical
computation can be made much more robust by resorting it to an iegral form. Let
V be a volume, dV a volume element, dR its bounding surface, Nte outward normal

at each point on the surface and dS a surface area element [14]a Ve divergence
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Figure 2.9. Left: A closed planar curve is placed in a 2D vectoeld. Right: The
curve evolves so as to increase the inward ux through its bouady as fast as

possible [14].

theorem,

y z
div(V)dv =  HV:NidS (2.23)

\% dR
In other words, the integral of the divergence of a vector eldver a volume is given
by its outward ux through that region's bounding surface. The key benet of this
method is that it has the ability to reconstruct multiple ber s in parallel, instead of
taking an iterative approach where the complexity of the algrithms increases as the
number of tracts to be reconstructed increases. It deals welltwiarbitrary numbers of
branches and merge points. It may be preferable to use all of th&formation in the

di usion tensor instead of only the principle eigenvector [14]

2.3.3. Diusion Simulation

Hagmann used the idea that the brownian movement of water molges in the
brain can be described by a random walk model. It means that thearticle trajectory
is made of a succession of jumps that are the realization of a ramd variable. In an
in nite homogeneous medium the distribution of the random veable is an isotropic
three dimensional Gaussian function whose variance is propanmial to the di usion
coe cient (Einstein, 1956). But the living tissue is highly structured and highly com-

partmented for water particles. Under those circumstances, thei dsion function
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deviates from an isotropic Gaussian and becomes a complicatethdtion of position
and di usion time [15]. The developed statistical ber tracking algorithm is based on

two hypotheses:

Considering a voxel, the probability of a ber to propagate ina given direction
is proportional to the corresponding di usion coe cient.

Trajectories of axonal bundles follow regular curves.

Based on these two hypothesis, a random walk model and di usion teor eld
D of a particle di using in a non homogeneous medium is construad with a curve
regularizing constraint emphasizing collinearity withr;, a random vector uniformly

distributed over a unit sphere.

G+1 =g+ h (2.24)

_ hd+ 4

I R (2.25)
6 =D, (2.26)

The curve that the particle propagation generates grows alg a unit vector ;, that
is a random direction vector modeling the statistical nature fothe di usion process
and the curve regularizing constraint. Equation 2.24 explas this procedure where
Gg+1 IS the next point and g is the current point on the path. The next point on
the path is in the ; direction with a step size de ned byh. This is the standard
numerical integration method to follow the underlying veabrs. The methods dier in

the calculation of step direction, namely ;, here.

The random vectord; is de ned on the unit sphere and distributed according to
the local di usive properties which is obtained from Equatio 2.26. is an anisotropy

enhancing exponent. It is a power to the diusion matrixD [15]. If is putto 1
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the algorithm gives a lot of weight to possible ber trajectores deviating from the
main direction and provides random jumps by increasing the wght of r;, which is
uniformly distributed over a unit sphere. Whereas, if is large, the distribution is
tightened around the main eigenvector in which case the progation rule comes close

to a classic PDD ber tracking.

The step direction ; is a weighted sum of the random vectad;, and the previous

displacement vector ; 1, which enhances collinearity.

This approach has the following advantages to the classicales) the nature of the
data is better taken into account, the sensitivity to noise is dereased and the possibility
of ber crossing and diverging is introduced. However, an undainty concerning
the trajectory of individual bers appears. Each curve shouldhot be interpreted as
a precise mapping of a real axonal trajectory. Selected bershould be considered
together and areas of high ber density as very likely trajedries whereas projections
of few bers may not correspond to an anatomical entity. In thasense, the statistical
density mapping seems a complementary tool to the trajectory aps in the context of
statistical ber tracking, in order to evaluate the validity of the bers passing through

a given region [15].

Another simulation approach, proposed by Yendk, is based on engy minimiza-
tion task. Yensk associates the di usion tensor eld to a physical system composed
of nodes and springs, with their constants de ned as a functiorf tocal structure [16].
A model based on a physical setup of massless nodes (voxels) and spriagproposed
where springs, which link adjacent nodes (voxels) of the domaiact as local "connec-
tion" units as shown in Figure 2.10. Their sti ness varies in caelation with DT-MRI
data, i.e. with the amount of "connectedness" of the underlyig tensors, which is
measured in terms of the so called "mutual di usion coe cient", a novel metric that
approximates the ellipsoidal volume overlap of a given tensgair. A second set of
springs with a spatially constant sti ness, is introduced to opposehe e ect of the
previous ones by linking each node to a virtual ground and aog as "inertia" units. It

is showed that the connectivity map associated to this physical siem can be achieved
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by minimizing its total potential energy, with the seed node bing lifted to a temporally
constant height and others initially kept at the ground, whee node height is de ned as
an indicator of connectivity [16]. Connectivity of two given tensors located atr; and
r, is de ned as

(VD V)(V'D,v)
2

K 12 — (227)
Wherev = (r; rp)= and = kry r2k,. Thus, K re ects the mutual in uence
of tensor pairs by giving the distance scaled product of their dision coe cients
evaluated in the unit direction of their Euclidean link and mised to the power which

Is used as an enhancement parameter. With this model, total femtial energy stored

u

[y,

Figure 2.10. lllustration of proposed spring system for a 1D curvaolid line), dots

represent the nodes, spring constants are given for the speci cdeu,. [16]

at 7 springs considering the 6 voxel neighborhood is given as:

Vsprings (2 . 28)

NI =
c
N
+
<

V= JKalu(yiz) u(x o yiz)f (2.29)
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and whereVs; Vs; Vy; Vs; Vg are de ned similarly.
1
V(U ux; Uy uz) = (U 2+ df,uf + d,ul + diau?) (2.30)

Equation 2.30 is obtained by insertingk ,'s common denominator 2 into the squared

elongation terms and taking the limit. d; are the diagonal elements of di usion tensor
D. When the current problem can be put into a variational one [@], the connectivity

map u with respect to the seed at Xo; Yo; Zop) can be found by minimizing the following

discretized energy functional:

X 1 X )
J(u) = u+ 5 Kpn(Up  Upn)? (2.31)

where p is the voxel index and N is the number of neighborsi,, and K, stand for
the n'" neighbor of thep™ node and its associated spring constant, respectively. One
advantage of this method is that it is computationally inexgnsive. Also it provides
a tuning parameter, to weight the usage of principal direction versus the whole
di usion tensor data usage. The converged results of the calctéal connectivity maps

with di erent  values are shown in Figure 2.11.
2.4. Limitations of Conventional Fiber Tractography

Current hardware limitations in MRI scanners limit the spatid resolution in DTI
data to the order of one millimeter. So, DTI tractography is amacroscopic model of
a microscopic structure. Therefore, DTI tractography estimats are macroscopically
sampled descriptions of underlying microscopic structures. Thender-sampling of the
underlying white matter structure in DTI data gives rise to Intra-Voxel Orientational
Heterogeneity (IVOH) [1], a condition in which white matter stuctures of multiple
di erent orientations are averaged into a single DTI voxel samle, causing a loss of
validity in the di usion tensor model. This is called partial volume e ect. The e ect
is important, especially, where ber crossing, kissing or branahg is seen in a voxel.

In many cases, partial volume e ects become less apparent withcreased spatial res-



21

Figure 2.11. a) Axial slice of FA map with the seed indicated, b) @hverged
connectivity map ( = 1), c-e) Converged maps for = 2, 4, 10, f) computed tracts
for =10. [16]

olution. Limited angular resolution and partial volume e eds make it di cult for
ber tracking algorithms to extract the correct ber orient ations in some voxels and
thereby making it di cult to track ber paths in a correct way . While there are strong
indications that DT-MRI reveals information of the ber pathways in the brain, it is
important to stress the fact that the explicit quantity measurel is water di usion and

not the bers.

An alternative approach to increase the spatial resolution is tmmcrease the num-
ber of directions in which the di usion is measured and then t his data to a di erent,
higher order model than the second order tensor. This high anigm resolution dif-

fusion imaging holds the promise to be able to determine the dictions of multiple
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bers within a single voxel, but also leads to increased acquign times. Currently,
the most common acquisition scheme for acquiring di usion tensatata is that of
echo-planar imaging (EPI) [4]. While this technique is fastacquiring an entire image
in approximately 200ms, it is also susceptible to degradation éuo non-uniformities
in the magnetic eld strength. Since the magnetic eld is alteed by the presence of
structures within the human subject, they cannot be eliminatd. However, work is
underway to reduce the imaging artifacts using di erent dataacquisition schemes and

post processing of the data.

Artifacts can be also introduced while smoothing noisy DTI dataGenerating a
continuous approximation to the tensor eld can introduce plantom connections be-
tween tracts which do not exist anatomically. Unconsidered nge in the DWI scan also
has adverse e ects on tractography. It can cause one to sort emyectors incorrectly.
This can result in a sudden 90 degree deviation in the computetajectory which can

cause the trajectory to jump to other tracts.

Another drawback of this low resolution image volume is facedudng the inter-
polation process to obtain an increased resolution of the DTI ¢ Since DTI data is
not a scalar value and it is represented as a second order symnetansor, an interpo-
lation problem arises. The simplest method is componentwise triear interpolation.
In this scheme the value of a tensor at any point inside the voxes ia linear combi-
nation of the values at its corners and is completely determed by them. Since the
coe cients of this linear combination are independent of tle tensor indexes, the linear
combination of the tensors can be done component-wise. Howeweore sophisticated
interpolation methods would better preserve the eigenvalgealong an interpolation
path. Component-wise interpolation of eigenvectors and egvalues themselves would
not lead to correct results, since a linear interpolation betves two unit vectors is not
a unit vector anymore - the interpolated eigenvector value euld leave the manifold of
unit vectors. In addition, there can be a correspondence praph in the order of the

eigenvalues.
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3. SPLIT/MERGE FIBER TRACTOGRAPHY

3.1. Aproach

The new Split/Merge ber tractography (SMT) approach preseted in this thesis
overcomes some disadvantages of conventional tractographplained in Chapter 2.3.
This new approach relies on the calculated short ber tractssgrings) which are highly
reliable. These short ber tracts are calculated for seed poistwith high fractional

anisotropy values. Figure 3.2 shows the calculated strings inghwhole brain.

3.2. Method

In the calculation of ber strings, 4" order Runge-Kutta integration is used.
Starting from a seed point only very short paths are tracked eweif the terminated
point of the string has high FA value or the tract continues in asmooth path both in
backward and forward directions. This is illustrated in Figue 3.1. Keeping the tracts
short prevents the accumulation of error in each string. In themplementation, we
choose all the voxels with FA larger than 0.50 as seeds for shoradts, and terminate
tracking if the angle between two consecutive steps exceed 2€gcees or FA values
drops to 0.25 or maximum step count of 3 is reached. The backwlaand forward
tracks for a seed point are combined to obtain the resulting stigs of 6 steps long.
A step size of 0.89 mm which is smaller than half of the voxel's snedt dimension
is used. To ensure that tracking remains within the brain and skl a threshold is
applied to the anatomical base image. The voxels that are padf a composed string,

are excluded from the potential seed set.

The string computation, as described above, requires interfadion of the ten-
sor data. Since DTI data is not a scalar value and it is represemteas a 29 order
symmetric tensor, the interpolation is not trivial. The simplest method is component
wise trilinear interpolation. However component-wise interplation of eigenvectors and

eigenvalues themselves would not lead to correct results, siredinear interpolation
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Seed Pgnt

Figure 3.1. Tracking of short ber strings starting from centerof the seed voxel.

between two unit vectors is not a unit vector anymore - the irgrpolated eigenvector
value would leave the manifold of unit vectors. In addition, here can be a correspon-
dence problem in the order of the eigenvalues. In the string cganation, we used
Log-Euclidean framework for the interpolation of the tens@ on the paths [22]. The
Log-Euclidean framework prevents the loss of anisotropy duag interpolation of ten-
sors. More information about Log-Euclidean framework can bednd in Appendix A.
Other techniques such as interpolating principle eigenvemts causes loss of information

through out the track.

The key idea of SMT is the creation of the co-occurrence matrM . This matrix
is a symmetric NxN sparse matrix where N is the number of calculatestrings in
the whole volume. M j; refers to the probability that j™ and k™ strings are grouped

together (i.e. are on the same ber bundle). Since the matrixsisymmetricM jx =M y; .
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Figure 3.2. Left: Whole ber strings. Right: Calculated ber strings in detalil

Another way to interpret My is

M ik b Prob(SjjSk) (3.1)

wherebis a constant scaling factor, and5;, S refer to thej™ and k™ strings, respec-

tively.

During the visualization, user choses one or more strings of ingst,the seed
strings. The SMT software selects only the strings that has a non evalue in the
co-occurrence matrix for the selected seed strings and displapem. Also, the user
can apply a threshold to the co-occurrence matrix and visuaézonly the strings that

are highly probable of being in the same group as shown in FiguBes.

Two methods are used in the construction of the co-occurrenceatrix: Direct

Computation and Metropolis-Hastings Approach.
3.2.1. Method 1: Direct Computation
In the direct computation of the co-occurrence Matrix, a seedtring is selected

and then the path is grouped starting from this seed string. In e step, the next

string is selected according to the probability of di using fran the end point of current
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Figure 3.3. Left: String groups are visualized seeding froméhstem of Pyramidal

Tracks. Right:A threshold value is applied to visualize more mbable string groups.

string to the head of the next string. A set of strings are tested in apherical region
at the end point of the current string, within a radius of 3 voxés. The probability
of moving from the current point to the target string is calcuated with Equation 3.2

which is the fundamental solution of the di usion Equation 2.3

" #
1 32 i ri2
c(r) = 10 exp iDJ (3.2)
D = v'Dv (3.3)

wherev is the vector in the direction of moving from current locatio to the candidate
string location. The most probable string head is accepted asdmext string on the
path and the same procedure is repeated. When the probabilityf jumping to a new
string is below a threshold or there are no candidate strings irhé search region,
the merging is terminated. The merging is performed both inofward and backward
directions from the seed string. After merging, for each comtation of string pairs the
corresponding elements of the co-occurrence matrix are irased by one. The same

process is repeated for each string in the volume, considerin@gs the seed string.
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The pseudo code for the Direct Computation Method is as follay

Select a seed string, label it as current string and add its ied to the group list
Set the direction forward
Take a spherical volume in the current direction of currenstring
For each candidate string in the selected volume calculaté@ probability of
moving from current string location to the candidate locatio
If there is no string to be accepted
Terminate progress in the current direction and go to step 8
Else
Accept the string with highest probability and add its index to the group
list
Make the accepted string the current string and goto 3
End if
If the current direction is forward
Set the current direction as backwards, set the seed string as pemt string,
and go to step 3
Else
Terminate grouping
End if

3.2.2. Method 2: Metropolis-Hastings

The Metropolis-Hastings algorithm is used to generate a sequerafesamples from

an unknown probability distribution of one or more variables.The purpose of such a

sequence is to approximate the distribution (as with a histogra), or to compute an

integral (such as an expected value). This algorithm is an engle of a Markov Chain

Monte Carlo algorithm [23].

The Metropolis-Hastings algorithm can draw samples from an unkmn distrib-

ution p(x), requiring only that a candidate generating density is know. This means

that we only need to know how to generate a new sample from a giveample. The
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algorithm generates a set of states' which is a Markov chain because each staté

depends only on the previous stat&' 1. The algorithm depends on the creation of a
proposal densityq(x”; x!), which depends on the current statex! and which can gen-
erate a new proposed sample’ [23]. Details about the Metropolis-Hastings algorithm

can be found in Appendix B.

In SMT, instead of moving to the most probable string from the seedtring (as
in done in Direct Computation Method) we applied MetropolisHastings algorithm to
allow random jumps with di erent probabilities. Comparing to the Direct Computation
method, this approach allowed us not to tract only the expeed path of the probability
distribution of paths that is seeding from a selected string , buit also considers the

paths which have lower probabilities of passing through the sgatring.

In the implementation of this approach, we start from a seed stig and nd a
group of strings using the direct computation method as shown iRigure 3.4. This
group of strings refers to the group that is composed of stringsi) and jumps (bck+1)

connecting those strings.

Figure 3.4. The group of strings wheras denotes strings andd denotes the bridges

connecting those strings

Each jump has a tness valueFy, equal to the FA value at the starting point of
the jJump. Thus, jumps that are made over low FA regions are lesglrable. A group

tness is set as the minimum jump tness in that group and is denagd by f (x).
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Metropolis-Hastings algorithm requires sample generation fa given pdf. In
SMT, a single group of strings and jumps is a sample. Generatingnew sample is
achieved by selecting a jump to break the formed group and reabtishing a new jump
at that location. The jump to break the group is selected at a nadom location with
a probability inversely proportional to the tness value at that location. That is, if a
jump is made from a low FA location then it is more likely that the group is going to
be cut from this location. The half of the group that has the sakstring, as shown in

Figure 3.5, is preserved.

Figure 3.5. The grouped strings is cut abs, selected randomly with a probability
inversely proportional to its tness value. H is the set of possill strings to make a

new jump from the cut location

To obtain a new sample, a random jump is made at the broken jummd¢ation.
This random jump is selected according to the probability ofach possible jump that is
calculated by Equation 3.2. After the new jump is found, we pé&ormed a new grouping

as in Method 1 which is seen in Figure 3.6. Thus, the candidatergating density is

I 5 <)
ax;y) o ) (3.4)
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wherek is the selected jump to cut,W is all the possible jumps to cut| is the newly
selected jump andH is all the possible jumps that can be made at the location of the

kM jump.

Figure 3.6. A random jump is made and a new grouping is done Wwithis new jump.

This new group's tness is set as the minimum jump tness in this goup and
denoted byf (y). The new group is accepted with a probability (x;y) as calculated

in Equation 3.5 and if it is rejected the old group is counted rce more.

For each combination of string pairs in the new accepted samglee corresponding
elements of the co-occurrence matrix is increased by one. Thame procedure is
repeated for a seed string 300 times. This is done for the each istyitaken as a seed

in the whole volume separately.

fy)axy)

(x;y) = min 1m

(3.5)
The q(y; x) in the denominator in Equation 3.5 can be seen as having theradidate
sample as current sample and calculating the probability of mong to the starting

sample as shown in Figures 3.7 and 3.8. The probabilitiegx;y) and q(y;x) will
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not be equal since the candidate selection region is di erenthile constructing the

candidate sample from initial one and the initial one from thecandidate sample.

Figure 3.7. Candidate sample is cut from the newly constructeoridge.

Figure 3.8. The starting sample is constructed from the cut camdate sample
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4. EXPERIMENTS

4.1. Data

Whole brain DTI scanning was conducted on a 1.5T unit with 50m7/in maximum

gradient strength using single-shot EPI scans. The scanning paratees were as follows:

Field Of View(FOV)=24cm

Matrix dimension = 128x128

slice thickness/gap = 3.8mm/Omm
Encoding directions = 12

b= 850s=mm?

gradient duration =20ms

Frequency encoding = L/R

The total scanning time was around 3-4 minutes.

4.2. Direct Computation

The direct computation method for the creation of the co-oagrence matrix took
around 25 seconds on an Intel Pentium IV machine with 2.4 GHz CPEpeed and 1.5
GB ram. Total number of strings was 13540 in the whole volume. @ulated matrix
is saved to hard disk to be utilized in visualization process. Theesulting matrix had
only 0.0014 percent non-zero elements. All the data used durirtgertracking of short
tracts and creation of co-occurrence matrix, is calculatednd interpolated on the y
from the DTI tensor data. (i.e. extraction of eigenvectors, genvalues and FA values).
The visualization of ber tracts passing through a selected regn is shown on Figure

4.1. The gure shows the Pyramidal Tracks.
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Figure 4.1. Visualization of strings that pass from a selected rneg at pyramidal
tracts using Direct Computation Method viewing from di erent angles. The right

most gure shows the anatomical image.

4.3. Metropolis-Hastings

The Metropolis-Hastings method took around 170 minutes to créa the co-
occurrence matrix. Again the total number of strings was 1354@ the whole volume.
After 150 iterations the co-occurrence matrix has 0.0037 pmmt non-zero elements and
after 300 iterations 0.0663 elements was non-zero. Figur2 4hows the visualization

of bertracts which passes through the same selected point as showm Figure 4.1

Figure 4.2. Visualization of strings that pass from a selected neg at pyramidal
tracts using Metropolis Hastings Method viewing from di erentangles. The right

most gure shows the anatomical image.
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5. DISCUSSION

The most important disadvantage of MR-DTI is that there is no gtd standards
de ned in this area of study.Hence the results are compared withe anatomical results

that are obtained from previous works.

One of the advantages of proposed SMT method is the multipationsideration

of bertracts.

Also SMT with Metropolis-Hastings method takes account the stoclséic nature
of the underlying data. Since diusion is a random process witla probability dis-
tribution the results obtained from this data should have a caesponding probability
values. Metropolis-Hastings method labels bertract distributons according to their

uncertainty.

Another advantage of SMT that it allows branching of ber paths. Thus each
seed location is allowed to end up more than one location. This an important issue
especially at locations where a lot of ber paths come closer drseem to merge. At
these locations only one ber path is obtained when trackingsistarted at the merged

location with conventional ber tracking methods.

When considering the visualization of ber tracts, SMT provide a true visual-
ization of results. It does not hide any possible tracts. Users carténactively hide less

probable tracts with the provided interaction tools.

5.1. Comparison of bertracking results at Corpus Callosum

On gure 5.1 the left image shows the anatomical structure of # corpus callosum
which is the structure deep in the brain that connects the righand left hemispheres of
the cerebrum, coordinating the functions of the two halves. Wapplied both continues

ber tracking and split and merge methods from a selected are ithis region. The
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middle image shows both the continues tract and the probalt¥i distribution obtained
from Metropolis-Hastings method. In right image we applied a tteshold value to
visualize the more probable tracts. It is seen that the expectddact of the distribution

is similar to the continues tract.

Figure 5.1. Comparison of bertracting result at corpus callsum Left: Anatomic
image[36] Middle:Metropolis-Hastings Method Right: A threshd is applied to

Metropolis-Hastings method

5.2. Comparison of bertracking results at Pyramidal Tract S

On gure 5.2 pyramidal tracts are shown in the left anatomicalimage. These
tracts controls the distal limbs such as the ngers, hands, toeshich can require
ne motor control. The middle image again shows the results obtned from both
continues 4" order Runge-Kutta and Metropolis-Hastings method. Less probébpaths
are ltered by setting a threshold value to the co-occurrence atrix on the right image.

Both result obtained by di erent techniques are similar to ealk other.

More comparison gures of Direct Computation and Metropolid-lastings Method

can be seen in Appendix C.

Of course these visualized tracts always should be taken as prbligy distribu-

tions and can be Itered by the GUI interactively to see the most o-occurred string

pairs.

It is shown that due to the limitations of bertractography approaches and DTI
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Figure 5.2. Comparison of methods at pyramidal tracts . LeftAnatomic image[36]
Middle:Metropolis-Hastings Method Right: A threshold is appkd to

Metropolis-Hastings method

data, it is is not possible to obtain one true ber path for a seed qint in the brain.
This is mainly due to the low resolution of DTI data which does at have the enough
resolution to solve the partial volume e ects. The data has onlghe averaged values

of microscopic scaled anatomical structures in a macroscopic lgca

5.3. Comparison of experiment results

In the experiments we compared two di erent quantities detied from Direct
Computation and Metropolis-Hastings method. One of the quarties is the number of

di erent connections that is made by a seed string. The result ishown on gure 5.3

The gure 5.3 is colored by the number of di erent string connetions with the
string that is seeded from that pixel. The number of connectianis increased by the
iteration number compared to Direct Computation and low iteation values. This
should be interpreted such that as the number of iterations is)creased the obtained

tract paths are the possible samples from the underlying tractrpbability distribution.

An other quantity derived from the experiments is the length bmaximum path
obtained from di erent methods. Again it is obvious in gure 54 that maximum
length of the possible tracts are increased for most of the seed sty$ as compared to

the maximum distance obtained from Direct Computation methd and low iteration
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Figure 5.3. The color represents the number of di erent congéons from that pixel
a)Direct computation result. b)Result after 150 iterations §Result after 300
iterations d)Di erence between direct computation and 300Gteration

metropolis-hastings method
values of Metropolis-Hastings algorithm.

Also there are some parametric issues in general about the MetrdipeHastings

algorithms which is a Monte Carlo Markov Chain method. These rpblems can be

stated as;

The number of iterations
Using an e cient transition function to generate new candidate

Number of iterations to be omitted for preventing the startingbias introduced

by starting sample

Other than the issues regarding the Metropolis-Hastings algohin there are also
problems about the parameters of the visualization system. Ométhem is the selection

of the correct value for the threshold of the co-occurrence mnx. Since there are
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Figure 5.4. The color represents the maximum length of a corgten from that pixel
a)Direct computation result. b)Result after 150 iterations §Result after 300
iterations d)Di erence between direct computation and 300Gteration

metropolis-hastings method

no gold standards about the Diusion Tensor Imaging these paraners are highly

dependent to the experience of the users.
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6. IMPLEMENTATION

6.1. Graphical User Interface

Fast Light Toolkit (FLTK), which is a cross-platform, free software, GUI library
is used for graphical user interface (GUI) implementation. Itg written in C++ and
is functional on Windows, GNU/Linux, Mac OS X, Solaris, OS/2, and ther Unix and

Unix-like operating systems.

FLTK provides GUI functionality without bloat and supports 3D graphics via
OpenGL and its built-in GLUT emulation. FLTK is designed to be snall and modular
enough to be statically linked. FLTK can also be used as a sharedrary, which is

now being included on some Linux distributions [31].

Figure 6.1. Screenshot of user interface.
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6.2. Visualization

Visualization Toolkit (VTK) which is an open source, freely avdable software
system for 3D computer graphics, image processing, and visualipat is used for the
visualization tasks. VTK consists of a C++ class library, and severainterpreted in-
terface layers including Tcl/Tk, Java, and Python. VTK supports a wide variety of
visualization algorithms including scalar, vector, tensor,éxture, and volumetric meth-
ods; and advanced modeling techniques such as implicit modeli polygon reduction,
mesh smoothing, cutting, contouring, and Delaunay triangul#on. In addition, dozens
of imaging algorithms have been directly integrated to alle the user to mix 2D imaging
/ 3D graphics algorithms and data. VTK is a powerful platform ndependent graphics

engine with parallel rendering support [30].

6.3. Image Processing

All the image processing and algorithms is developed in C++. VXL (te Vision-
something-Libraries) which is a collection of C++ libraries @&signed for computer vision
research and implementation is also used for matrix operationsVXL is written in
ANSI/ISO C++ and is designed to be portable over many platforms. VXLprovides
easy implementation of algorithms with high performance ahmetic operations and

matrix algorithms [29].
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7. CONCLUSION

This thesis introduced a new technique for the visualizationfober tracts. The
proposed Split/Merge Method tries to overcome the disadvangges of existing visual-
ization techniques. It considers that voxels are likely to caist of contributions from
multiple tissues and there may not be a single predominant direon of water di usion,
also related to the macroscopic character of DTI the mixing ob@nal tracts with di er-
ent orientations within a voxel is taken into account. To ovecome those problems this
technique allows branching of bertracts and local data strature in the volume can
be easily estimated by the visualized orientation of strings ath&t point. This allows
users to have an idea of the local coherency in the ber tractsnd can interactively

select regions they are interested in to study in detail.

Split/Merge method does not assumes any ber paths for 100 penat sure, in-
stead it visualizes a distribution of paths with di erent probabilities which can be
Itered interactively to see the possible paths. Since di usion@&n be regarded as a prob-
ability distribution of particles in a de ned volume , the di usion in the brain should
result also in a probability distribution of di erent paths. The Metropolis-Hastings
method suggested in this thesis tries to converge to the undeirlg probability of the

ber tracts in the brain and to overcome the current limitations of ber tractography.

Also the usage of Log-Euclidean Framework for the interpolatmof tensors pro-

vides the conservation of anisotropy in interpolated tensors.

For the future studies di erent methods can be implemented fahe creation of co-
occurrence matrix which can increase the performance and caonverge better to the
real probability distribution of the underlying data. Also di erent transition functions

can be implemented for a better performance of Metropolis-Hasgs Method.
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APPENDIX A: Log-Euclidean Framework

Tensors, i.e. symmetric positive-de nite matrices in medicalnmaging, appear in
many contexts: Di usion Tensor MRI, modeling of anatomical vaiability, etc. They
are also a general tool in image analysis, especially for segméota motion and
texture analysis. In order to carry out general computations o these objects, one
needs a consistent operational framework. This is necessary mmpletely generalize
to tensors statistical tools and Partial Di erential Equations (PDEs). The framework

of Riemannian metrics has recently emerged as particularbdapted to this task [24].

One can directly use a Euclidean structure on square matrices tt® ne a met-
ric on the tensor space, for instance with the following distancedist?(S;;S,) =
(Trace((S:  S1)?)). This is straightforward and leads a priori to simple compu-
tions. But this framework is practically and theoretically insatisfactory for three main
reasons. First, symmetric matrices with null or negative eigealues appear during
Euclidean computations. And from a physical point of view, in DT, a di usion exactly
equal to zero is impossible: above 0 Kelvin, water moleculediwmove in all directions.
Even worse, a negative di usion is meaningless. This occurs dogiiterated Euclidean
computations, for instance during the estimation of tensors fro di usion-weighted im-
ages, the regularization of tensors elds, etc. To avoid goingibof the tensor space, it
has been proposed to regularize only features extracted fraemsors, like rst eigenvec-
tors [26] or orientations [25]. The regularization is propgated to tensors in a second
step. This is not completely satisfactory, since it would be prefable to regularize

tensors directly in order to take into account all the inform#éon they carry.

Second, a tensor corresponds typically to a covariance matriXhe value of its de-
terminant is a direct measure of the dispersion of the associatediltivariate Gaussian.
The reason is that the volume of associated con dence regionegroportional to the
square root of the covariance determinant. But the Euclideamaveraging of tensors
leads very often to a tensor swelling e ect: the determinant (& thus the dispersion)

of the Euclidean mean can be larger than the original determants! In DTI, di usion
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tensors are assumed to be covariance matrices of the local Bramynmotion of water
molecules. Introducing more dispersion in computations amotsnto introducing more

di usion, which is physically unacceptable.

Third, the Euclidean metric is unsatisfactory in terms of symmiy with respect
to matrix inversion. The Euclidean mean for tensors is an arithmetic mean which
does not yield the identity for a tensor and its matrix inverse.When tensors model

variability, one would rather have in many cases a geometricean.

To fully circumvent these di culties, a ne-invariant Rieman nian metrics have
been recently proposed for tensors in [27]. With them, negaéivand null eigenvalues
are at an in nite distance, the swelling e ect disappears and t symmetry with respect
to inversion is respected. The price paid for this success is athigomputational burden,
essentially due to the curvature induced on the tensor space. Rtecally, this yields

slow and hard to implement algorithms.

A new Riemannian framework to fully overcome these computatnal limitations
while preserving excellent theoretical properties is proged by Log-Euclidean frame-
work. It is based on new metrics named Log-Euclidean, whicheaparticularly simple
to use. They result in classical Euclidean computations in the dwain of matrix loga-

rithms.

A.l. Existence and Uniqueness of the Logarithm

A tensor S has a unique symmetric matrix logarithm L = log(S). Itveries S
= exp(L) where exp is the matrix exponential. Conversely, edcsymmetric matrix
is associated to a tensor by the exponential. L is obtained from I8/ changing its
eigenvalues into their natural logarithms, which can be doneasily in an orthonormal

basis in which S (and L) is diagonal.
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A.2. Euclidean Calculus in the Logarithmic Domain

The tensor vector space with a Log-Euclidean metric is in fackomorphic (the
algebraic structure of vector space is conserved) and isomeffiistances are conserved)
with the corresponding Euclidean space of symmetric matrices. Ass consequence,
the Riemannian framework for statistics and analysis is extreaty simpli ed [28]. In
particular, the Log-Euclidean mean of N tensors with arbitray positive weights ('),
such that P iN:l w' = 1 is a direct generalization of the geometric mean of positv

numbers and is given explicitly by:

X
Eie (S1; 5 Sw) = exp( w'log(Sy)) (A.1)
i=1
This is remarkable: in this framework, the processing of tensoiis simply Euclidean
in the logarithmic domain. Final results obtained on logarihms are mapped back to
the tensor domain with the exponential. Hence, statistical tosl or PDEs are readily

generalized to tensors in this framework.

Figure A.1. Bilinear interpolation of 4 tensors at the corner®f a grid. Left:
Euclidean interpolation. Middle: a ne-invariant interpo lation. Right: Log-Euclidean
interpolation. Log-Euclidean means are slightly more anisaipic than their
a ne-invariant counterparts. The coloring of ellipsoids is kased on the direction of

dominant eigenvectors. [27]
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APPENDIX B: Metropolis-Hastings Algorithm

This powerful algorithm provides a general approach for pducing a correlated
sequence of draws from the target density that may be di cult tosample by a classical
independence method. The goal is to simulate thddimensional distribution (),
psi 2 < 9 that has density ( ) with respect to some dominating measure. To
de ne the algorithm, let g( ; 9 denote a source density for a candidate draw® given
the current value in the sampled sequence. The density ; 9 is referred to as the
proposal or candidate generating density. Then, the M-H algtlhm is de ned by two
steps: a rst step in which a proposal value is drawn from the candade generating
density and a second step in which the proposal value is acceptesithe next iterate

in the Markov chain according to the probability (; 9 (; 9, where

(Ja; 9>0 (B.1)
otherwise (B.2)

o o (9aC %), .
G 9=mn ——g gt
(; 9=1

If the proposal value is rejected, then the next sampled valus taken to be the

current value.

Typically, a certain number of values at the start of this sequece are discarded
after which the chain is assumed to have converged to it invangdistribution and
the subsequent draws are taken as approximate variates from Because theoretical
calculation of the burn-in is not easy it is important that the proposal density is
chosen to ensure that the chain makes large moves through the popt of the invariant
distribution without staying at one place for many iterations. Generally, the empirical
behavior of the M-H output is monitored by the autocorrelaton time of each component
of and by the acceptance rate, which is the proportion of times move is made as

the sampling proceeds [35].
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One should observe that the target density appears as a ratio ite probabil-
ity (; 9 and therefore the algorithm can be implemented without kneledge of
the normalizing constant of (). Furthermore, if the candidate-generating density is
symmetric, i.e. g( ¢ )= g(; 9, the acceptance probability only contains the ra-

tio ( 9= ( ) hence, if ( 9> ( ) the chain moves to °otherwise it moves with

probability given by ( 9= ()



APPENDIX C: Comparison Figures of Direct Computation

Method and Metropolis-Hastings Results

Figure C.1. Snapshots from the results of grouping with di enat methods.

Up : Direct Computation Method Down : Metropolis-Hastings Method
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Figure C.2. Snapshots from the results of grouping with di enet methods.

Up : Direct Computation Method Down : Metropolis-Hastings Method
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Figure C.3. Snapshots from the results of grouping with di enet methods.
Up : Direct Computation Method Down : Metropolis-Hastings Method
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